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requirements with skew quadrupoles
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Abstract

We demonstrate that ion-beam elliptical focal spots can be rotated with skew quadrupoles, by arbitrary angles, to

map appropriately onto annular rings at either end of distributed-radiator heavy-ion fusion targets. The rotation is
accompanied by an increase in the area, a variation in the ellipticity, and a shift in the axial location of the beam focal
spot, all of which are small enough that they may be acceptable. Possible further optimizations are discussed. # 2001

Elsevier Science B.V. All rights reserved.
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1. Introduction

Recent distributed-radiator heavy-ion-fusion
target designs [1,2] require that incident ion beams
with elliptical cross-sections map out annular rings
at either end of a hohlraum, Fig. 1. Fusion driver
induction accelerators will transport many beam-
lets by the use of alternating gradient electrostatic
or magnetic quadrupoles. These quadrupoles
deliver beams with the principle axes of their
elliptical cross-section oriented at 08 and 908 (or
equivalently � 458). These beams could, for
example, be focused to four spots with uniform
azimuthal spacing. If these pairs of beamlets can
each be rotated by arbitrary angles of up to � 458,

then beams can be focused to any angle on the end
of the hohlraum.
For this paper, we use a moment code to

evaluate the beam focal spot rotation and changes
in spot area and ellipticity produced by magnetic
quadrupoles that are rotated to a skewed angle.
We find that we can rotate beamlet elliptical–focal
spots to arbitrary angles. However, when the
transverse x and y emittances are equal, the smallest
area focal spot is circular; then uniform illumination
can be achieved with overlapping focal spots,
without requiring beamlet rotation if a large number
of beamlets are used. Although we evaluate focusing
ion beams onto a specific target design, these focal
spot manipulations are more general. The techniques
described here are capable of illuminating other
target shapes with arbitrary intensity distributions,
limited only by the minimum focal spot size and
shape and by the number of beams.
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We rotate the focal spot by means of one
skewed quadrupole magnet, whose axes are off the
usual 08, 908 rotation angle (see, for example, Ref.
[3]). We demonstrate the feasibility of this
approach by using a concrete example of a final
focus layout that would meet the target require-
ments of a distributed radiator target. We empha-
size that our example is not optimized, but
nevertheless demonstrates the existence of a
straightforward method of achieving the needed
ellipticity and rotation angle. Our purpose and
conclusions differ from those of Neuffer, who
examined � 908 rotations achieved by means of
skewed quadrupoles, and developed necessary and
sufficient conditions to completely interchange the
x and y phase spaces [4]. Our requirement is less
restrictive, namely that the skew quadrupole not
cause a significant increase in the beam power
falling outside the usable, elliptical focal spot.

2. Physics of moment code

In Ref. [5], a set of moment equations for the ten
second order moments (hx2i, hxx0i, hx02i, hy2i,
hyy0i, hy02i, hxyi, hxy0i, hx0yi, hx0y0i) were
derived which generalized the traditional envelope

equations for upright ellipses. Here hi indicates
average over the distribution function, at a fixed
slice of the beam in the longitudinal coordinate z,
and x and y are the horizontal and vertical
coordinates, respectively, in the fixed laboratory
frame. Also, prime (0) indicates derivative with
respect to z. The basic assumptions were: the beam
density is uniform, with elliptical cross-section,
and it is subject to forces that are linear in the
transverse cartesian coordinates x and y. The axes
of the ellipse, however, are not necessarily aligned
with the x and y axes (or the axes of the skew
quad). The generalized equations allow x2y
coupling. That is, in the x-equation of motion,
for example, a term proportional to the y-
coordinate of the particle (arising from the
focusing force of a skew quad or the space charge
force of a rotated beam) is allowed. Further, finite
angular momentum of the beam is allowed. The
set of equations no longer conserves x- or y-
emittances ex, ey, but two conserved generalized
emittances take the place of ex and ey [6].
Although, the equations were derived for a
uniform density beam, as with the traditional
envelope equations, they are expected to give a
good estimate of beam behavior for less idealized
beams as well. Effects of dispersion in bends,
chromaticity in quadrupoles, image charges, non-
uniform space-charge distributions, and any accel-
erator imperfections that would cause increase of
the generalized emittances are not included in this
set of equations. However, we expect the qualita-
tive behavior of the solutions to be unaltered when
these effects are included, at the same level of
confidence that the envelope equations are a good
qualitative predictor of behavior of beams with
upright beam ellipses. Also, for simplicity we have
assumed a sharp onset of a fully neutralized beam
in the target chamber. Deviations from this
assumption can be treated by prescribing a finite
transition region over which the neutralization
occurs. Non-linearities arising from inhomoge-
neous electron distributions are beyond the scope
of this paper and must be treated with particle
codes. The equations in Ref. [5] were numerically
integrated, assuming hard-edge field configura-
tions for the quadrupoles. The results are de-
scribed below.

Fig. 1. The dimensions of each beam focal spot must fit within

the annular region between the hohlraum radius and the beam

block radius (which protects the capsule from impinging

beams). With multiple beams, the annular region can be

uniformly illuminated by displacing and rotating each beam

focal spot, as is indicated for two beams.
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3. Required rotation angles

For Nb beam focal spots spaced uniformly
around a ring, the change in rotation angle Da
between adjacent beams is given by Da ¼ 3608=Nb.
Since the beams already come in two orientations
separated by 908, by rotating each of two such
beams towards each other by an angle a, the
remaining angle between them will be
Da ¼ ð908� 2aÞ. The relation between Nb and a
is then

Nb ¼ ð3608Þ=ð908� 2aÞ:

Nb is tabulated in Table 1 for various maximum
rotation angles a. We see that with rotation angles
of up to � 458, any number of beams can be
evenly spaced azimuthally. In the target modeling,
16 evenly-spaced elliptical beams were deemed to
provide adequately uniform illumination. This
requires � 33.758 rotations.
It might be expected that y ¼ 458 would be the

optimum skew angle, because this would line up
the cusps of the skewed quadrupole with the major
and minor axes of an elliptical beam. The qv	B
force would then rotate the major axis, however,
little or no rotation would result with a circular
beam. The moment code showed that this con-
jecture is wrong: the focal spot rotation was
independent of whether the beam was circular or
elliptical at the skewed quadrupole, and larger
rotations resulted for skew quadrupole angles
greater than 458. Our present understanding is
that the skew quadrupoles squeeze the beam ellipse
towards the skew quadrupole angle from the initial
starting orientation of 08 or 908. In other words,

we deform the beams with forces that do not lie in
either the 08 or 908 planes. This model fits our
computational results better than does another
conjecture}that we need to supply specific net
angular momentum to rotate the beam by up to a
few millimeters at the focal spot, several meters
away. For example, the beam does obtain larger
angular momentum if the skew quad is placed
where the beam has higher ellipticity, as expected,
but the focal spot rotation is unchanged, as
mentioned above. We find that the higher the
magnetic field in the skew quadrupole, the larger
the angle of rotation, until saturation effects set in.

4. Model setup

We selected a final focus array of quadrupole
magnets that was designed for 96 beamlets per end
of the hohlraum [7]. Each beam had a perveance of
1.581	 10�4, a rigidity of 49.59 Tm, and an initial
normalized emittance of 1.424mmmrad. The
magnet locations, field gradients and the beam
envelopes through the lens train to the focal spot
are shown in Fig. 2(a) and (b) and parameters
listed in Table 2. The initial conditions were those
of a matched beam for a lattice consisting of the
first two (non-skew) quadrupoles. We assume
100% neutralization of the beam for z > 16:4m,
from the point where the a and b envelopes
become nearly straight lines to the target (where
a 
 2 x2

� �1=2
and b 
 2 y2

� �1=2
are measured in the

[unrotated] lab frame). We tried several locations
for one or more skew quadrupoles, labeled with 1–
3. With equal x and y emittances, the focal spot
was circular. We made it elliptical by changing the
magnetic fields of the last two quadrupoles by
�0.1%. This produced two elliptical foci, rotated
by 908 relative to each other as shown in a blow-up
of the focus region Fig. 2(c), and each with a spot
area somewhat greater than the optimum focus,
Fig. 2(d). For this case, the minimum area focus
was circular with an area indicated by the bottom
square data point that lies below the lines. For
other beam rotations, two displaced minimum
area elliptical foci exist.
In evaluating the effect of a skewed quadrupole

we chose a fixed distance of 20.6m at which to

Table 1

Beam rotation angle

a (8) Da gap(8) Nb

0 90 4

22.5 45 8

30 30 12

33.75 22.5 16

35 20 18

37.5 15 24

40 10 36

45 0 1
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evaluate the angle, shape, and area of the focal
spot. This distance is measured from the center of
the first focusing magnet included in the simula-
tion, Fig. 2(a), to near the first elliptical focus

point, Fig. 2(c). In addition we evaluate these
parameters at the distance of the minimum spot
area. This choice reflects the operating restrictions
of the currently planned, closely coupled arrays of

Fig. 2. (a) Final focus lens train: the 3 locations used for y ¼ 458 skew quadrupoles are numbered. They are powered one at a time for

Figs. 3 and 4. (b) Beam envelopes in 08 and 908 planes (the laboratory frame) with 100% neutralized transport, after about 16m, over

the straight-line portion of the nearly overlapping trajectories. (c) The beam envelopes are expanded near focus. Dashed lines are

without, solid lines with skew quadrupoles. (d) The beam area is expanded near focus.

Table 2

Parameters used in Fig. 2. ‘‘Var.’’ indicates the possible sections that contained skew quads, in this study. The rotation angle and field

gradient of the skew quad were varied. Sections with 0 field gradient are drift sections

Section number 1 2 3 4 5 6 7 8 9 10

Section length (m) 0.504 0.672 1.008 0.672 1.008 2.352 1.008 2.352 1.008 0.2

Field gradient (T/m) 18.91 0 Var. 0 �18.91 0 18.91 0 �22.40 0

Assumed neutralization on fraction 0 0 0 0 0 0 0 0 0 0

Assumed rotation angle (rad) 0 0 Var. 0 0 0 0 0 0 0

Section number 11 12 13 14 15 16 17 18 19

Section length (m) 1.008 1.144 1.008 0.473 1.008 0.2 0.583 0.2 5.592

Field gradient (T/m) Var. 0 34.38 0 �30.64 0 Var. 0 0

Assumed neutralization on fraction 0 0 0 0 0 0 0 0 1

Assumed rotation angle (rad) Var. 0 0 0 0 0 Var. 0 0
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quadrupole magnetic lenses, in which the magnetic
flux is shared between four adjacent beams to
minimize the size and cost of the superconducting
magnets (For similar pulsed magnet arrays, see
Ref. [8]). With such systems, we cannot vary the
focusing strength for one beam without affecting
its neighbors. The skew quadrupoles use much
lower magnetic fields so that a surrounding iron
tube can magnetically shield each, and therefore
each can be varied independently of its neighbors.
In addition to requiring that the skew quadrupole
fields be 2T, the iron around each skew
quadrupole must also be outside of the higher
fringe field of the main quadrupoles. As suggested
earlier, we found that the distance to the focal spot
varied slightly with the strength of the skew
quadrupole.

5. Results

We first used skew quadrupoles, rotated by 458,
and located at the three locations shown in Fig. 2,
after the first optic, between the fourth and fifth,
and after the sixth or final quadrupole lens. The
focal spot area A at 20.6m, the ratio of the major
to minor radius a=b (in the rotated frame in which
the coordinate axes are aligned with the beam
axes), and the minimum focal spot area at
optimum focus are plotted in Fig. 3, versus the
rotation angle a of the focal spot. We find that
the location of y ¼ 458 skew quadrupoles within
the lens train has little or no effect on their
effectiveness, as A, a=b, and z vary with the
rotation angle a, independent of the skew quadru-
pole locations, labeled 1–3. We obtained the same
result by operating multiple 458 skew quadrupoles
simultaneously, the results shown are for one at a
time. (The point, at a ¼ 08 with smaller area and
a=b ¼ 1, is for a circular focal spot with skew
quadrupoles turned off.) With a single skew
quadrupole at y ¼ 458, the practical maximum
angle of rotation is a¼ �252308. Beyond that
angle the area and a=b increase rapidly, and focal
point shifts further. From Table 1, this restricts us
to no more than 12 elliptical evenly spaced beamlet
spots on the target.

Focal spot rotations to larger angles can be
achieved by using a skew quadrupole rotated to
y ¼ 658 at location 1. Then the accessible range of
angles is from �58 to 458, or even �108 to 508,
Fig. 4. By adding a second skew quadrupole at
y ¼ �658 and powering one at time, the entire
range of focal spot angles can be accessed over the
range of � 458, and from Table 1, any number of
beamlets can be evenly spaced azimuthally around
the target.
From the point of view of minimizing the spot

size on the target, circular to slightly elliptical focal
spots offer the minimum area if the transverse
emittances ex and ey are nearly equal as we would
normally expect with a linac. But after accelera-
tion, the beams are bent around arcs to impinge on
the target from two sides. These bends are
expected to yield non-equal transverse emittances,
which will optimally focus to an elliptical spot. If
the beam cross-sections are sufficiently elliptical at

Fig. 3. With a y ¼ 458 skew quadrupole, we plot parameters

versus the rotation angle of the focal spot: The upper dashed

line indicates the shape, 10 (a=b), of the focal spot at 20.6m.

The solid line indicates the area (mm2) at a fixed location,

z¼ 20:6 m. The heavy-dashed line indicates the minimum area

(mm2) of the focal spot, at the optimum distance. The shape of

the point, and the final digit in the legend, indicate which of 3

quadrupole positions from Fig. 2(a) is used, 1(square), 2(trian-

gle), or 3(diamond). This shows that the skew quadrupole

location is not critical.
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focus, then techniques similar to those described
here can rotate each beamlet to the appropriate
angle on the target.
In this paper, where we started with equal x and

y transverse emittances, the only way we found to
make the focal spot more elliptical was to keep the
diameter constant in one direction while we
increased the diameter in the orthogonal direction
at focus. This, of course, does not conserve the
focal spot area. If we have 416 beams, elliptical
cross-sections with the proper rotation are believed
necessary to allow the focal spots to overlap for
more uniform illumination. If, however, we have
many more than 16 beams per side, then circular
focal spots, which do not require rotation, would
overlap sufficiently to provide uniform illumina-
tion.

6. Future optimizations

We tried several methods of optimizing further.
We reoptimized the entire lens train to produce an
elliptical beam spot at the desired distance. This

produced a single minimum area focal spot, rather
than the two shown in Fig. 2(c). Rather than the
nearly circular beams approaching focus and
becoming elliptical only very near focus, as shown
in Fig. 2(b) and (c); this case had an elliptical beam
through most of region following the final quad-
rupole. The convergence angles of the two
transverse beam planes differed by nearly a factor
of two. Then either side of focus, the major and
minor elliptical axes interchanged. This resulted in
rapid changes in the rotation angle, which coupled
with shifts in the focal length, so we did not obtain
predictable rotations that varied nearly linearly
with the quadrupole field magnitude. Instead, the
rotations varied faster than linearly. This optimi-
zation reduced the maximum beam diameter at the
fourth quadrupole, allowing it to have a smaller
diameter. Some reduction in the focusing field
requirement is also expected.
We also tried to pick the fixed distance closer to

the minimum focal spot than shown by the focus
shift (centimeters) in Fig. 4. We found that the
beam became nearly circular at this distance, and
the rotation angle varied nonlinearly with the
quadrupole field.
For future work, we expect that we could

further optimize by adding additional skewed,
and possibly non-skewed, low-field quadrupole
magnets that are shielded by iron tubes. Non-
skewed quadrupoles should allow adjusting the
focal length to prevent variation with rotation
angle. This might enable us to obtain predictable
rotations with the elliptically optimized beam
discussed above. We speculate that additional
quadrupoles might allow the ellipticity to also be
held constant as the rotation angle is varied.
Shielded crossed-dipole magnets would allow fine-
tuning the aiming of the focal spot on the target.
We chose location 1, furthest from the target for
the 65 skew quadrupole calculations shown in
Fig. 4. This location was chosen to minimize the
neutron flux at the magnet. However, since this is a
low-field and relatively inexpensive magnet, the
apparently undesirable approach of placing it near
location 3 (between the final optic and the target)
might also be worth investigating. This would
allow it to be part of the shielding for the main
quadrupole lenses.

Fig. 4. Similar to Fig. 3, but with a y ¼ 658 skew quadrupole,

we plot parameters versus the rotation angle of the focal spot:

The upper dashed line indicates the shape, 10 ða=bÞ, of the focal
spot at 20.6m, with a and b measured in the rotated frame. The

solid line with open squares indicates the shift of the optimum

focus from 20.6m (in cm). The solid line with filled square data

points shows the fixed z area (mm2). The lower heavy-dashed

line indicates the minimum area (mm2) of the focal spot, at the

optimum distance.
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In this work, we demonstrated the principles of
rotating ion-beam elliptical focal spots with skew
quadrupoles. We found that we could achieve
arbitrary angles of rotation, to map appropriately
onto annular rings at either end of distributed-
radiator heavy-ion fusion targets. These techni-
ques could be generalized to produce a wide
variety of arbitrary power distributions for other
target designs. This feasibility demonstration is
adequate for our present needs. If beamlet rotation
is necessary in the future, then the suggestions
above may help to ameliorate the problem areas.
These are: an increase in the area, a variation in
the ellipticity, and a shift in the axial location of
the beam focal spot; but all of which are small
enough that they may be acceptable.
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